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Abstract 

Wave maps (i.e. nonlinear sigma models) with torsion are consid- 
ered in 2+1 dimensions. Global existence of smooth solutions to the 
Cauchy problem is proven for certain reductions under a translation 
group action: invariant wave maps into general targets, and equiv- 
ariant wave maps into Lie group targets. In the case of Lie group 
targets (i.e. chiral models), a geometrical characterization of invari- 
ant and equivariant wave maps is given in terms of a formulation using 
frames. 

INTRODUCTION 



There has been considerable progress during the last ten years in the mathe- 
matical study of long-time existence properties of solutions of geometrically- 
based classical field theories. A significant portion of this work has focussed 
on the study of what are called wave maps in the mathematics literature and 
nonlinear sigma models (or, in certain special cases, chiral models) in the 
physics literature. These are defined as maps from a Lorentzian geometry 
(Af^+^r/), e.g. Minkowski space, to a Riemannian geometry {N'^,g), e.g. a 
symmetric space or a compact Lie group, with ip being a critical point for 
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the functional Q 

Sm = f v"'9ABWd,i^^d,i^'', (1) 
and hence satisfying the wave map equation 

r/^'^V^S,^^ + T''BcWd^i^''d,^''r'' = 0; (2) 

here V is the (torsion-free) derivative operator determined by the metric rj, 
and r are the (torsion-free) connection coefficients compatible with g. 

Wave maps have a well-posed Cauchy problem, and it is known that for 
1+1 dimensional base geometries (M^"*"^,//), every choice of smooth initial 
data evolves into a global smooth solution []T], ^, while for 3+1 (or higher) 
dimensional base geometries, certain smooth initial data leads to solutions 
with singularities P, |]. Not yet understood is what happens in general 
for 2+1 dimensional base geometries. This is the "critical dimension" (see 
[|, H), where global smooth solutions are expected, at least, for all smooth 
initial data of sufficiently small energy. While global existence results are 
known to hold for certain classes of rotationally-symmetric wave maps in 
2+1 dimensions (without restrictions on the energy) |]^, not much is known 
otherwise for critical wave maps 0. 

An interesting modification to the wave map equations can be obtained 
by adding torsion. This can be done in 2+1 dimensions, without adding 
extra dynamical fields, as follows. One fixes a pair of background fields: a 
closed one-form field v on the base manifold M^"*"^ and a non-closed two-form 
field p on the target A^". The field p serves as a "torsion potential" in the 
sense that the torsion tensor on N"- is defined as 

Q^BC = S/2g^''d[nPBC]. (3) 

A map : M^"*"^ —>■ N"' is defined to be a torsion wave map if it is a critical 
point for the functional 

Storm = I (v^'gAsWd.i^^d^i^'' + Xe'^'^'^v^pABWd.i^^d^i:'') (4) 

^ Integrals over M"^^^ are understood to use the natural volume form compatible with 
the metric rj. 
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where A is a coupling constant and e is the 2+1 volume tensor normalized 
with respect to r]. The torsion wave map equation obtained from is given 
by 

r/^"V^9,V'^ + r''Bci^)d^i^''d,^''{r'' + Ae^^'^t;.) = (5) 

where 

r^Bc = r^Bc + Q^Bc (6) 

are the connection coefficients compatible with with torsion Q. Note 
that the effect of the torsion is to add the nonlinear term 

\t^''"v„Q^Bc{i^)d^i^''d,i^'' (7) 

to the wave map equation (^. 

Wave maps without torsion have a conserved, symmetric stress-energy 
tensor arising from the functional S[^]. With the addition of torsion, the 
corresponding symmetric stress-energy tensor obtained from the functional 
5'tor[^] is no longer conserved. However, we point out that a non-symmetric 
stress-energy tensor can be derived by considering the variation of S'tor[V'] 
under infinitesimal diffeomorphisms of M^"*"^ acting on 77, e, f , and iIj. This 
leads to 

T\ = v^'gABdu^P^d^^p"" - 1/25^7^'''' QABd^iP^'d^iP^ 

+l/2\t^^''v^PABd,^''d„ij'' (8) 

which satisfies 

V^T\ = \l2\t^'"'d^^^d,i)''vAB'^ (9) 

Hence T^^ is conserved if v is covariantly constant on (M^^^,-?]). Further- 
more, T^a reduces to the standard symmetric stress-energy tensor for wave 
maps without torsion when v is set to zero. The stress-energy tensor (H) is 
central to investigating global existence for torsion wave maps. 

The critical dimension for torsion wave maps, just as for standard wave 
maps, is 2+1. While we do not attempt here to investigate the general 

^The contorsion coefficients r^[BC] compatible with g as determined by the torsion are 
identicaUy equal to Q. 
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class of critical torsion wave maps, we are able to prove global existence for 
various reductions of critical wave maps, with and without torsion, where 
the base geometry is Minkowski space. These reductions are defined by 
the invariance or equivariance of the wave map under a one-dimensional 
group of translations acting on M^"*"^. More specifically, choose Cartesian 
coordinates {x, y, t) for (M^"*"^, 77) and denote the translation group action by 
{x, y, t) — > {x,y + X, t). Then, for any target N^, a wave map is translation 
invariant if 

^''{x,y + X,t)=^^{x,y,t). (10) 

Translation equivariant wave maps require that the target admit a trans- 
lation group action. Let p^bW denote a representation of the translation 
group action on the base M^"^^ acting on the target A^". Then a wave map 
ip is translation equivariant if 

ij^ix, y + X,t)= p%(A)V'^(x, y, t). (11) 



Note that translation equivariance ([Tl|) reduces to translation invariance 



(|ToD when (and only when) the representation p(A) is chosen to be trivial, 
P%(A) = 6^B- 

One class of targets for which there is a natural translation group action 
available are Lie groups, G. For a Lie group target A^" = G, left and right 
multiplication on G by a one-parameter exponential subgroup exp(A74) define 
translation group actions, where A is any element in the Lie algebra of G. 
This leads to three types of equivariance as follows. Let \E' devote a matrix 
representation of the wave map ip : M^"*"^ — G and let L and R be matrix 
representations of elements of the Lie algebra of G. Then ijj is said to be, 
respectively, left-translation equivariant if 

<i/{x,y + X,t)=exp{XL)^{x,y,t), (12) 

or right-translation equivariant if 

^{x,y + X,t) = ^{x,y,t)exp{XR), (13) 

or conjugate-translation equivariant if 

^(x, y + A, t) = exp(AL)^(a;, y, t) exp(Ai?). (14) 
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Corresponding to invariant wave maps (|T0|) and equivariant wave maps 
(p!2D , (|13D, (p!4D, we have the following four classes of reductions: 



Invariant Wave maps (Any target) 



ip = (f){x,t) 

Left-Equivariant Wave maps (Lie group target) 



(15) 



^ = exp(?/L)$i(x,t) 



(16) 



Right-Equivariant Wave maps (Lie group target) 

^ = ^nix,t)exp{yR) 
Conjugate-Equivariant Wave maps (Lie group target) 



(17) 



= exp{yL)^c{x,t) exp{yR) 



(18) 



In each case the 2+1 wave map equation for i/j yields a 1+1 reduced equation 
for 0, $(7, respectively, provided that the target geometry is suitably 

invariant as discussed later. 

We establish global existence of solutions to the Cauchy problem for the 
class of translation-invariant wave maps with torsion in Section 2. While the 
proof for these wave maps is very similar to that for 1 + 1 wave maps with 
no torsion, the torsion terms do introduce some subtleties into the analysis, 
which we highlight. 

In order to prove global existence of solutions to the Cauchy problem for 
the three classes of translation equivariant wave maps with torsion, we find 
it useful to work with a frame formulation for 2 + 1 wave maps . In Section 
3 we introduce the frame formulation for general targets and then proceed to 
relate wave map equivariance for Lie group targets to frame invariance and 
equivariance. In particular, our global existence theorems for equivariant 
wave maps have a natural formulation and proof using frames. 

The proof for the left equivariant, right equivariant, and conjugate equiv- 
ariant wave maps with torsion is fairly similar in each case. We focus on 
the left equivariant case (which corresponds to invariant frames) and carry 
out the global existence proof in detail, in Section 4. We then briefly note 
in Section 5 the differences entailed in proving global existence for the other 
two cases. We make a few concluding remarks in Section 6. 



5 



2 INVARIANT WAVE MAPS WITH TORSION 



The translation invariance condition ([T0|) is characterized by the wave map 
functions (^) being independent of y. Under this reduction the torsion wave 
map equation (|]) becomes 

r^d^dpct)^ + f^^(0)9„0^9;30''(7°^ + At;,e"^) = (19) 

where 7"^ is the 1 + 1 Minkowski metric (a, (3 run over x and t) and e"'^ 
is the 1 + 1 Levi-Civita tensor. We hereafter take Vy to be constant, but 
we make no further restrictions: The target {N^,g) can be any Riemannian 
geometry, and the torsion potential p can be any non-closed two form on A^"'. 
Interestingly, while the torsion term 

XvyQ^Bc{<P)da<p''d(,cj,''e"^ (20) 



appears in a nontrivial way in the reduced wave map equation (19), and while 
the stress-energy tensor (§) generally contains a torsion term, for translation 
invariant wave maps the torsion drops out of many of the stress-energy tensor 
components. We have 

Ttt = T^. = ^{\dt<j)\^ + \d,<j)\^), (21) 



T,t = Tt, = dt<P^d,<j)''gAB, (22) 
all of which contain no torsion, along with 

Tyy = ^(|9t0|2-|9,0|2) + iAt;,e"^9„0^9;30VB, (23) 



T.V = 0, (24) 



Ty. = lxv,e''^d^(j)%(j)''pAB, (25) 



Tty = 0, (26) 
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Tyt = ^Xvte''^d^<P%<l)''pAB. (27) 



Note that Vx and Vt do not appear in the reduced wave map equation (p!9|); 
setting them to zero does not affect (|19D, but it does result in Ty^ and Tyt 
vanishing. 

We now consider the Cauchy problem for translation invariant wave maps 



( [TsD with torsion. Initial data at t = tg consists of a pair of maps 

: S ^ iV, 9:^^TN (28) 

(here E = i?^ or allowing for periodic boundary conditions). A solution to 
the Cauchy problem is then a map : S x i?^ ~ M^+^ — > which satisfies 
(p!9D along with the initial conditions 

0(x, to) = 0(a;), dt(j){x, to) = H^)- (29) 

Note that there are no constraints on the choice of initial data {0, 6}. Global 
existence of initial value solutions is established by the following theorem. 

Theorem 1. For any smooth compact support initial data, the Cauchy 
problem j^ldj ) and has a unique smooth global solution (l){x,t) for all 

t G R\ 



Proof: The PDE system (|TP|) is manifestly hyperbolic; hence, local existence 
and uniqueness are immediate 0. To prove global existence, it is sufficient 
(by the usual open-closed arguments [H) to show that if (p{x,t) satisfies (|l^) 
on S X /, with / a bounded open interval in R^, then (t){x,t) and all its 
derivatives are bounded on S x /. 

To show that and its first derivatives da4> are bounded, we use an 
argument based on stress-energy conservation (see 0). From the form of 
the stress-energy components (^) to (P7[), together with the conservation 
equations 

dtT\ + dxT^ = 0, dtT\ + dxT: = 0, (30) 

is compactly supported if it is constant everywhere outside a compact region in S; 
9 is compactly supported if it zero outside such a region. 
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we find that 



r^dadpTu = 0. (31) 

It then follows from standard results (see 0) for the wave equation on 1 + 
1 Minkowski space that Tu is bounded on I. Thus the first derivatives of 
are bounded. As a consequence of the mean value theorem and the assumed 
compact support of the initial data, is then bounded as well. 

There are a number of ways of proceeding to argue that second and 
higher order derivatives of are bounded. Here we use an argument which 
is adapted from Shatah P based on bounding successive kth order energies 

^k{t) = \l (|9i9/0|2 + I^Z+VHt^a:. (32) 

Note that the ordinary energy 

8o{t) = I Tudx = 1 f (|9i0|2 + \d,(j)\^)dx (33) 

is bounded and independent of t, So(t) = £o(to), for smooth compact support 
initial data. 

We start by rewriting the torsion wave map equation (|1^) in the form 

D^'V^ = (34) 

where = = 7"^^^, and Dp = dp + T^bcV^ + XQ^Bcep'^V^ 

defines a covariant derivative operator which includes the connection with 
torsion. If we now apply Dp to equation (|3^ and commute Dp past the 
derivative operators, keeping track of the various curvature and torsion terms 
which arise, then we obtain a nonlinear wave equation for V^: 

D^D^Vp^ + P/(\/, V,V) = {) (35) 

where P(V", V, V) denotes an expression which is trilinear in Vg^ and involves 
no higher derivatives of 0^. 

By multiplying (|35D by we straightforwardly derive the 

conservation equation 

A(^| AV^r + \\D.V\^) - D,{DtV ■ D^V) = P{y, V, V) ■ DV (36) 
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where P{V, V, V) is, like P{V, V, V), trilinear in V with no higher derivatives 
of (j)^. Now, integrating ( p6D over S, we obtain 

dtSi{t) = j P{V, V, V) ■ DVdx (37) 

for the 1st order energy defined in (|3^) . Estimating the right hand side of 
(13), we find 

dtSi{t)<C\\V\\l4D^V\\L2 

<C\\V\\le^/W) (38) 

and hence 

dt^,<C\\V\\le . (39) 
It follows from Sobolev inequalities that 

\\V\\L^<C\\V\\f\\DVfl\ (40) 

so we have 

dt^i < C\\V\\12\\DV\\l2 < CSo^i. (41) 
Since Sq is bounded, it follows from ( ^Tf ) that 

< Ce'^' (42) 

which bounds Si{t), and therefore bounds the norm of DV. Hence 
II 9^011 2,2 is bounded. 

To bound S2(t), we start from the wave equation ( pS]) for V and repeat 
the previous argument. Setting := Df^V^"^, we derive 

+ i?^/(V, V,W)=0 (43) 

where -R(V, V^, W) is bilinear in V^, linear in W, and involves no other deriva- 
tives of 0. From (^) we obtain the conservation equation 

Dti^\DtWf + ^\D.,W\^) - D,{DtW ■ D,W) = Riy, V, W) ■ DW (44) 
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where RiV, V, W) has the same properties as RiV, V, W). Integrating over E 
and estimating, we obtain 



dtS2{t) <C\\V\\Is\\W\\l^^/s^). 



(45) 



Since V and W = DV are bounded, by applying Sobolev inequahties to 



Hence we have that S2{t) is bounded and therefore so is the norm of DW. 
Thus, since DW = DDV, it follows that || 5^011 is bounded. 

The argument proceeds to all successively higher orders and we thereby 
determine that all derivatives of are bounded. It follows from Sobolev 
embedding that all derivatives of (p are pointwise bounded, which completes 
the proof of Theorem 1. I 

3 EQUIVARIANT WAVE MAPS WITH TORSION 
AND THE FRAME FORMULATION 

We begin by setting up a frame formulation for wave maps with and without 
torsion. (See also 0). We first choose a frame basis {e^}{a = 1, . . . ,n) for 
the target geometry {N"',g) and let e'X{ip) denote the frame associated to ip. 
We now define the "frame fields" 



where {e^} are the components of the dual basis to {e^}. These frame fields 
may be viewed either as the pull-back of the dual frame {e^} from A^" 
to M^"*"^ along the map ip : M^"*"^ — > A^", or as the frame components of the 
wave map gradient on the tangent space of the target geometry {N"',g). In 



( ^51) we obtain 




(46) 



(47) 




(48) 



where Cbc"' are the frame commutator coefficients defined by 



(49) 
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Moreover, one verifies that if ip satisfies the wave map equation then K 
satisfies 



WK; = -C%,{ij)KtKX'' (50) 

where Cbc ■= 9'"^Cdb''gec, with g""^ := e^e^^f^^ and gab ■= e^efgAB] or if 
satisfies the torsion wave map equation then K satisfies 

V^K; = -C^cimtKX' - Xe-^^v^Q\c{mtK; (51) 

where Q'^bc ■= e\Q^Bcebe^. 

Up to this point in setting up the frame formulation, we have made no 
restrictions on the choice of the target or on the nature of the wave maps. 



We now focus on equivariant wave maps (|T2D to (|14D and their corresponding 
frame formulations, so we assume the target geometry to be a Lie group G. 
While K can be defined for any frame basis on G, the frame field equations 
are simplest if we require that {e^} be a left-invariant basis for G. It then 
follows that the commutator coefficients Gbc"" are independent of ip and are 
constant. If we make the further restrictions that the metric g he a. left- 
invariant tensor on G, 

gAB = e^Ae^Bgab, (52) 

and the torsion potential p be a left invariant two-form on G, 

Pab = e^Ae^BPab, (53) 

so that the components gab and pab are constant, then the coefficients C^bc^ip) 
are independent of ip and constant while so are the frame components Q°'bc{'^) 
as well; in particular, we have 

Q\c = -3/2g-''p,i,Cbcf (54) 

with 

ac'^ = 2e^ef|9Bej^]. (55) 

Remark 1: Every nonabelian Lie group admits both a left-invariant metric 
g and a left-invariant two-form p. However, for semi-simple Lie groups G, 
if G has dimension three then all left-invariant two-forms p are necessarily 
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closed, and consequently Q = so there is no torsion. This is not the case if 
G has larger dimension. In particular, a non-closed left-invariant two-form p 
and hence non-zero torsion Q is admitted by all nonabelian semi-simple Lie 
groups G other than the three-dimensional ones (namely SU (2) and its real 
forms S0{3), S0{1,2), S0{2, 1)). See Proposition A in the appendix. 

We now find that, assuming the restrictions just noted, we can write 
equations (|48D , ( ^Ol) and (^Tj) strictly in terms of the frame fields K, with no 
explicit ip dependence: 

V[,i^%] = -l/2ac'^if,^if^, (56) 
= -C^cK'.KX^, (57) 
V^ir/ = -C\,K',KX'' - \t''''^v,Q\,K\Kl. (58) 



The field equations (|56|) and (^71) together are a self-contained PDE system for 
K which is equivalent to the wave map equation (^; the field equations (p^) 
and(^8|) likewise are a self-contained PDE system for K which is equivalent 
to the wave map equation with torsion (^. Note that the system with torsion 
reduces to the system without torsion when A = 0. 

Proposition 1. Let [M^^^,!]) be a Lorentzian geometry, and let = G be 
a Lie group target. 

1. Suppose that ip^ is a solution of the torsion wave map equation (j^. 
Then K"^ defined by ( ^^) satisfies the field equations ^Sdj ) and (|5^. 



2. Suppose that is a solution of the field equations ^Sdj ) and (jj^j. // 
M^"*"^ is simply connected, then there exists a torsion wave map ifj^ , 
satisfying equation which is related to K'^ by (W^). 



Proof: To prove part (1), we first note that for K'^n given by (^7]), the field 



equation (|56D is an identity. We then verify that, through the torsion wave 



map equation (|), the substitution of ( ^Tj ) for satisfies the field equation 



For the converse, to prove part (2), we note the field equation (|56|) shows 
that K'^ can be viewed as a Lie-algebra valued connection one-form on the 
trivial bundle M^"*"^ x G, with zero curvature. Since the bundle is trivial and 
the manifold M^+^ is assumed to be simply connected, there exists a global 
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parallel section. Correspondingly, there exists a smooth map U : M^+^ G 
(called a "gauge transformation") in terms of which we have 

K; = {U-%U)\l{I) (59) 

where / is the identity element of G. 

Now let denote U written in terms of local coordinates on G. It follows 
that pulls back e^(/) to e'\{ip), at the Lie group element specified by U. 
Hence we have 

{U-%U)\\{I) = e\Wd,^^. (60) 

Combining ( p(]| ) with ([55|), we obtain equation (^). Then by substituting 
( ^71) into the field equation (0), we verify that ip satisfies (^. I 

We note that, independent of their usefulness for the study of wave maps, 
these field theories in terms of K viewed as a Lie-algebra valued one-form 
field on M^+^ have some interest as a nonlinear generalization of Maxwell's 
equations. Indeed, for the abelian case Cab'^ = 0, the field equations (pO) 



and (^) are exactly Maxwell's equations in 2+1 dimensions, while the field 



equations (|56D and (^8]) are a modification of Maxwell's equations by adding 



torsion. This relationship is explored elsewhere pO] , |ri|, [T^ • 

Since we will use frame fields to study translation equivariant wave maps, 
we now characterize frame fields which correspond to the three classes of 
equivariant wave maps (p!2|), (p!3D , (|T^ . We begin with the following defi- 



nitions of invariant and equivariant frame fields under a translation group 
action. 

Invariant Frame Field: 



K{x,y + \,t)=K{x,y,t) (61) 
Equivariant Frame Field: 

K{x, y + X,t)= exp{-XA)K{x, y, t) exp(Av4) (62) 

Here A is an element of the Lie algebra of the target Lie group G, and (x, y, t) 
are standard coordinates for the Minkowski space base geometry (M^^^,//). 

Geometrically, the translation equivariant group action (|62|) on K arises 
via the pull-back of the dual frame components {e^} under right multiplica- 
tion in G by the one-parameter exponential subgroup generated from the Lie 
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algebra element R. When R = this group action reduces to the translation 
invariant group action ( |6lD on K. (Alternatively, note that the translation 
invariant group action arises directly by left multiplication in G since the 
dual frame is left-invariant.) 

Based on Proposition 1, the correspondence between invariant /equivariant 
frame fields and wave maps is summarized by the following two results. 

Proposition 2. 

1. If is left equivariant (|7^, then the corresponding frame field K is 
invariant 

2. If ip is right equivariant ([I^j, then the corresponding frame field K is 
equivariant /fg^j, with the components Ky constant. 



3. If ip is conjugate equivariant (lUl), then the corresponding frame field 
K is equivariant (plj. 



The proof of these correspondences amounts to a direct calculation using 
a matrix representation for ip and K. There are straightforward converse 
correspondences as well. 

Proposition 3. 



1. If K is invariant ^J\), then the corresponding wave map ip is left equiv- 
ariant 0^ ). 

2. If K is equivariant 1^6^), then the corresponding wave map ip is conju- 
gate equivariant (|7^. 



3. If K is equivariant jj^ ) with the components Ky constant, then the 
corresponding wave map ip is right equivariant (jYT 



Proof: Let U denote a the matrix representation of the wave map ip cor- 
responding to K. We first prove part (1). It follows from the definition of 
frame field invariance, together with relation (|59|), that U satisfies 

dy{U-'d^U) = 0. (63) 
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Integrating the y component of this equation, and then multiplying both 
sides by [/, we obtain the linear matrix ordinary differential equation 

dyU{x,y,t)=U{x,y,t)f{x,t) (64) 

where / is an arbitrary Lie-algebra matrix valued function (independent of 
y). The general solution to (p¥) is 



f/(x, y, t) = exp(yA(x, t))V{x, t) (65) 

where V is an arbitrary Lie-algebra nonsingular matrix valued function (in- 
dependent of I/), and A := VfV~^. 

We now impose the x, t components of equation (|63D. Calculating U~^dtU 



with U from (|65|) , we find 

U-^dtU = V-^dtV + V-^exp{-yA){dtexp{yA))V, (66) 

so 

= dy{U-^dtU) =V-^exp{-yA)dtA exp{yA)V, (67) 
which implies that 

dtA = 0. (68) 

Similarly, working with U'^dJJ and imposing = dy{U~^dxU) we determine 
that 

d^A = 0. (69) 

Thus A must be a constant Lie-algebra valued matrix, which we denote L; 
then (^) becomes 

U{x,y,t)=expiyL)V{x,t). (70) 

Condition (0) immediately follows, so the wave map corresponding to K is 
left equivariant. 

We now prove part (2). From the definition of frame equivariance, there 
is a y- independent Lie-algebra matrix valued field f^{x,t) and a constant 
Lie-algebra matrix A such that 

K^,{x, y, t) = exp{-yA)f^{x, t) expijjA). (71) 
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Hence, from relation (^), U{x,y,t) must satisfy 

U-'d^U = exp{-yA)f^exp{yA). (72) 
The y-component of this equation yields 

(dyU) exp{-yA) = Uexp{-yA)fy, (73) 
and after some manipulation we obtain the linear matrix ODE 

dyW = Wify - A) (74) 
where W{x,y,t) := U{x,y,t) exp{—yA). The general solution to ([7^) is 

W{x, y, t) = exp{yB{x, t))V{x, t) (75) 

where V is an arbitrary Lie-algebra matrix valued function, and B is defined 

as 

B := V{fy - A)V-\ (76) 
Working with the other components of equation (|72D we derive 

dtW = Wft (77) 

and 

d.W = WU (78) 
Then rearranging ( [77D and using (|75D, we obtain 



Mx, t) = W-'dtW = V-'dtV + exp{-yB)dt{exp{-yB))V. (79) 

Since both ft and V are independent of y, if we take dy of both sides of 
equation (^) we have 

= dy{V-' exp{-yB)dt{exp{yB))V) 

= V-^exp{-yB)dtBexp{yB)V (80) 



which implies that dfB = 0. Similarly, using (|7q) , we find that d^B = 0. 
Hence i? is a constant Lie-algebra matrix, which we denote L. Thus, after 
combining (|75D with the definition W = U exp{—yA), we see that 

U {x, y, t) = exp{yL)V{x, t) exp{yA) (81) 
16 



so U{x,y,t) is conjugate equivariant (|1^) with R = A. 



Finally, we prove part (3). From (^T]) we have 

Ky = U'^dyU = exp{-yA)V-^LV exp{yA) + A (82) 

which is assumed to be constant. By differentiating with respect to y, we 
obtain [V-^LV, A] = 0, and hence (|3) becomes Ky = V'^LV + A. Thus, 
it follows that B := V~^LV defines a constant Lie-algebra matrix which 
commutes with A. We then have 

Uix,y,t) = exp{yL)V{x,t)exp{yA) 

= V{x, t) exp{yB) exp{yA) = V{x, t) exp{yR) (83) 

where R:= A + B. Hence U{x,y,t) is right equivariant ([131). I 

As a consequence of Propositions 2 and 3, we can prove global existence 
of solutions to the Cauchy problem for the three classes of translation equiv- 
ariant wave maps (with or without torsion) by using invariant or equivariant 
frame fields. We do this first for the invariant frame fields in the next section. 

Our analysis makes essential use of the wave map stress-energy tensor 
(^. Through the relation (^) for K in terms of ip, we obtain 

T% = r^^^'KlKlga, - l/26^^r]'"'KK'^gab + l/2Ae^^'^^;,p,,ir,"ir^ (84) 

One verifies that, for solutions K of ( p6D and (^) in which (M^^^,//) is 
Minkowski space, this non-symmetric stress-energy tensor satisfies the con- 
servation equation 

a^T% = l/2Xe''''yabK;Ktd^v„. (85) 

Hereafter we specialize to the situation where v is constant on M^+^. This 
makes the analysis of the field equations considerably simpler. In particular, 
the stress-energy is strictly conserved, dnT^a = 0. 



4 GLOBAL EXISTENCE FOR INVARIANT FRAME FIELD 
EQUATIONS WITH TORSION 

By definition ( [6T| ) of translation invariance for frame fields, the component 
functions K'^ are independent of y. Then, adopting the convenient notation 

E'' := ir^, H"" := K^, B" := K^, (86) 
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we find that the translation-invariant frame field equations take the form 

d^H^ = -Cbc^E^H^ (87) 

dtE" = d^B - Cb^^B^E^ (88) 

dtH'' = -Cbc^B^H^ (89) 

dtB" = d^E" -Cbci^B^B" - E'^E" - H^H") 

-XQ\c{vyB'E' - v^B'H' + VtE'H') (90) 

for the functions {E"- {x , t) , H"- {x , t) , B"- {x , t)} . Note that, in this system of 
field equations, (0) is a constraint equation while (pS]) to ( pO] ) are evolution 
equations. 

Initial data at t = to for the Cauchy problem is specified by choosing (on 
S = or allowing for periodic boundary conditions) Lie-algebra valued 
functions {E°-{x), H"'{x), B"'{x)} which satisfy the constraint 

d^H" = -Cbc^'E^H^- (91) 

A solution to the Cauchy problem is then a set of fields {E"-{x,t), H"-{x,t), 
B°-{x,t)} satisfying (^) to (^) and the initial conditions 

E^{x, to) = E\x), H\x, to) = H\x), B\x, to) = B\x). (92) 

To show that the Cauchy problem is well-posed, we note that well-posed- 
ness is known for the wave map equation without torsion which is equiv- 
alent to the system (^71) to (pO|) up to the addition of the torsion terms 
involving A. These terms do not involve any derivatives of the fields and 
hence do not effect the well-posedness. Alternatively, we note that, up to 
such terms, the system is equivalent to the Maxwell equations in 2+1 dimen- 
sions, which constitute a well-posed system. It follows that the system (p^) 
to (|90D is well-posed and, moreover, is first-order hyperbolic. 

In this section we prove global existence of smooth solutions to the Cauchy 



problem for the 1+1 field equations (0) to (|90D . The proof relies on the use 
of the stress-energy tensor (Q) along with light cone estimates. 

To proceed we write out the components of the stress-energy tensor (||) 
in terms of E"", if", S". Using the coordinates (x, t) for M^"*"^ we have 

T,, = ]^{El - El + B^) + Xv^H^'B'pab (93) 
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Tyy + El + B^) + Xv.B^E'p,, (94) 

Tt,^E-B + Xv^H'^E'pa, (95) 

T,t^E-B + XvtH'^B^b (96) 

Tty^H-B + XvyH'^E'pab (97) 

Tyt^H-B + XvtB^E'pab (98) 

T,y^E-H + XvyH''B''p^ (99) 

Ty,^E-H + Xv^B^E'pab (100) 

where := E^E^Qai, and £; • S = E'^B'^g^b, etc.. 



For derivation of light cone estimates, it is useful to work with null com- 
ponents of the stress-energy tensor. We introduce null coordinates which mix 
t and X (but not y): 

£^t + x x^^(£ + n) 

< — > . (101) 

n = —t + X t = j{i — n) 

Then we find (for the components we will need): 

T« = Kj + Xv,H^K\pab 

= h^B + Ef + -^{v, + v,)H\B' + E')p,b (102) 

r„„ = Kl-Xvr,H-Klp^ 

= h^-B + Ef-^{-Vt + v,)H-{-B' + E'')p,b (103) 

Tin = -^i^,' - A^;„i^;i/V 

= -^^J + + ^-)H\B' + (104) 

= -^^J-^(^^i + ^^.)i^''(-5' + £^'')Pa6. (105) 
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For these components the stress-energy conservation equation (pS]) has the 
null component form 

dnTu + dfTnf, = 0, (106) 

d/Tnn + dnT.n = 0. (107) 

These equations are essential for the derivation of the light cone estimates 
we will need. 

Also important for our analysis is the energy function 

S{t) = f Tttdx 

= [ {hE^ + H^ + B^) + XvtH''E%,)dx (108) 

We note that for certain values of the coupling constant A, the energy £(t) 
can be negative, and it therefore does not in general control the norm of 
E"', H"^, or 5". However, for sufficiently small A, there is a constant k > 
such that 

^{El + El) <El + El + 2XvtH^E'pat < k{El + ED (109) 

and hence the energy is positive, so that £{t) does consequently control 
||ii^||i2,||if||j;^2 , and ||-B||l2- We assume henceforth that A is sufficiently small 
for this to be the case. 

We now state our main results. Let S denote or S"^, and introduce 
coordinates (x, t) for S x i?-*^ ~ M^+^. Fix constants Vt,Vx,Vy. Let G be a 
Lie group with C^c" denoting the Lie-algebra commutator structure tensor. 
Fix on the Lie algebra of G a positive definite metric tensor gab (it need not 
necessarily be compatible with the commutator) and a skew-tensor pab- Let 
Q"fec be the tensor defined by (^l]). 

'*It is sufficient that A satisfy 

|A| < 1/^^ 

wfiere |pp = \PabPcdg'"'g'"^\- 
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Theorem 2. Let X be a small constant.^ For any smooth compact support 
initial data ^9^ ) satisfying (^), the Cauchy problem to has a unique 
smooth global solution {E^{x,t), H^{x,t), B'^{x,t)} for allt e 



Combining this resuh with Propositions 2 and 3 from Section 3, we have 
a corresponding resuh for wave maps. 

Theorem 3. The Cauchy problem for left-translation equivariant Lie group 
wave maps ([7^, with or without torsion, has a unique smooth global solution 
for all smooth compact support initial data. 



Proof of Theorem 2: 

Local existence and uniqueness of smooth sohitions of the PDE system 
( |87D to (^) foUows from standard resuhs (see, for example, 0) for first-order 
hyperbolic systems in 1+1 dimensions. In order to prove global existence, it is 
sufficient by the usual "open-closed" arguments to estabUsh the following: 
For H''{x,t), B''{x,t)} satisfying equations to (0) for t e I, 

with / a bounded open interval in R^, each component of these fields is 
bounded for t e /, as are all orders of their derivatives. We prove this 
boundedness result as follows: 



Step 1: Conserved Energy 

It follows from the stress-energy conservation equation dtTu — dxT^t = that 
the energy S{t) satisfies -^£{t) = J-'{t) where 

Tit) := / d^T^tdx = T^t (110) 

is the fiux. If we are working on S = S*^, then (9S is empty, so J^{t) = 0. If 
instead S = i?^, then we note that as a consequence of hyperbolicity of the 
system ( p7D to (pO|), the fields {.E", 5"} have compact support on S for 
all t G /, and hence jF(t) = 0. Thus, the energy is conserved, £{t) = Sito), 
for all tel. 

As we noted earlier, the energy controls the norm of the fields {E"-, 
if", B"-}, so long as A is sufficiently small (as assumed in the theorem). Hence 
we have 

||E'^|U2(S) < k, ||i/"|U2(S) < k, ||5'^|U2(S) < k (111) 
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for some constant k (depending on £^(to)), for all t E I. 



Step 2: Bounded 

In the system ( pT]) to (0), the field enters in a different way from E°- and 
5", since the evolution equation ( [5D| ) for if" involves no spatial derivative 
terms, and the constraint equation ( pTf ) has appearing, but no spatial 

derivatives of E"- or 5". Consequently, we treat if" differently from the other 
two fields: we first show that if" is bounded, and then use this in showing 
that E"- and are bounded. 

To start, we integrate the absolute values of both sides of the constraint 
equation (^) over S, obtaining 

/ \d^H''\dx= I \Cbc''E^H^\dx. (112) 
Jt, Jt, 

Since Cbc"" is constant, there exists a constant ki such that 

\Cbc''E^H^\ < \Cbc''\\E^\\H''\ < ki{E^ + H^) (113) 

by standard algebraic inequalities. It follows from ( p.l2| ) and ( |113| ) together 
with the bounds (|111|) that 



Id^H^ldx < k2 (114) 



for a constant k2. Combining ( p.l4| ) with the mean value theorem, we obtain 
controls on the spatial variation of Ey{x, t) for any fixed time t. In particular, 
for any Xi, X2 G S with fixed t, we have 

\H\x2,t) - H''{xi,t)\ = \ r d^H''{x,t)dx\ 

J Xl 

< r \d^H\x,t)\dx<k2. (115) 

J Xl 

If we are working on S = i?^, we can choose xi outside the support of 
if"(x, t) for all t E I, and therefore it follows from ( |1 1 5| ) that \H°'{x,t)\ < k2 
for all {x,t) G S X i. Hence, H°'{x,t) is bounded on S x i. 

If instead we are working on S = S"^, we need to do more to bound 
ii"(x,t). Consider /^i H'^{x,t)dx, which is the spatial average of if" on S^. 
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From the fundamental theorem of calculus, and from the evolution equation 
(H), we obtain (for t G /) 

/ H^(x,t)dx = f ^ I H''(x,s)dxds+ [ H''(x,to)dx 
Js^ Jto ds Js^ Js^ 



'to 

rt 



-11 Cbc''B\x,s)H%x,s)dxds+ f H''{x,to)dx. 

Jto Js^ Js^ 

(116) 



Next, using standard quadratic algebraic inequalities, we note that 
Jgi Cbc°'B^H'^dx is bounded in terms of the energy, 

I / ClB'H^dx\ < h£{t) = ksS{to) (117) 

for some constant k^. Hence, fl^ Jgi Cbc"'B''{x, s)H'^{x, s)dxds is bounded 
above and below, 

I f [ Cbc^B\x, s)H%x, s)dxds\ < (t - to)k3S{to) < k^ (118) 

J to J 

for some constant k^, for all t ^ I. Then since /gi H°-{x,to)dx involves initial 



data only, it also is bounded above and below. Therefore, from ( 116 ) we have 
that 

I / H''(x,t)dx\ < k^ (119) 
and so the average of if" over is bounded above and below, for all t & I. 



Combining this result with the spatial variance control ( |115| ), we conclude 
that ^^{x^t) is bounded (above and below) on S x J. 

Step 3: Bounded and 5" 

While standard 1 + 1 light cone arguments do not directly apply to the system 
(|87D to (|90|), a modified argument can be used with the pointwise bounds on 
H"^ achieved in Step 2. 

Using the null form of the stress-energy conservation laws (|106|) -( p!0^ ), 
along with the expressions (|102D -( |T05|) for the stress-energy components, we 
have 



d^{B + Ef = 2d,H^-\{vt + v^)pabdn{H\B' + E' 

+Kvt + v^)pahd,[H\-B'' + E')), (120) 
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:i2i) 



We use the field equations ( |S7| ) to (^) to remove all of the derivatives which 
appear on the right-side of these equations. Thus 



dn{B + Ef 



-2H''H%B'' + E'')Cahc 

-2AK + v^)H\~B' + E^){B' + E')Q,,a (122) 



and 



dt{-B + Ef = -2H^H'{-B'' + E'')Cabc 

-2X{-vt + v,)H%-B' + E'){B' + E')Q,,a. (123) 

It is convenient here to let a"" := B°- + E'^ and (3°' := —B"- + E°-, and so we 
have 



dna' = -2CabcH'H'a'' - 2X{vt + v,)QbcaH''l3''a 



a ob „ c 



and 



2CabcH'H'l3'' - 2X{-vt + v^)Q,,aH''l3'a 



a ob „ c 



(124) 



(125) 



Since Cabc, Qbca, A, Vt and Vx are constant, and since is bounded on S x /, 
we immediately have the following estimates for the right-sides of ( |124[ ) and 
(PD: 



and 



(126) 



(127) 



with some constants fee, /cy, ks, and /cg. 

We now apply a light cone argument to the differential inequalities ( |126| ) 
and (|127| ). First, choose an arbitrary point {x, t) in E x / to the future of the 
initial surface S, so t > to? and integrate back along the light ray parallel 
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to dn via ( |126| ) and also integrate (3"^ back along the light ray parallel to di 



via (|127|) . This yields 

a^{x, t) < a^{x + i — tQ,to) + kg J a^{x + i — s, s)ds 

Jto 

+kj f ^a'^{x + i-s, s) ^p'^{x + i-s, s)ds (128) 



and 



(3\x, i) < (3\x + to - i to) +ks f J p^ix - i + s, s)ds 

+kg f ^a^i^x -i + s,s)^J (3^{x -i + s, s)ds. (129) 

J tn 



Next, take the supremum of these expressions over S. Letting d^(t) 
suPa;gE a^(x, t) and /?^(t) := sup^gg /5^(x, t), we obtain from 



d^(t) < Q;^(to) + ^6 sup / Ja'^{x,s)ds 
i 



+A;7sup / J a^{x, s) J (3'^{x, s)ds 
xGS Jto ^ ^ 

< a\to) + ke f ^a^{s)ds + kj f ^ a^{s) 4¥{s)ds 

Jto Jto 

< a\to) + k,o{i-tof'\f &\s)d.sf'^ 



to 

+kii[j' a^{s)dsf'^ [jyp^{s)dsf'^ (130) 

where the last step is a consequence of the Holder inequality. If we define 

a{t) := f a^{s)ds (131) 

Jto 

and 

hit) := f (3\s)ds (132) 

to 
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then ( p. 3 Op can be written as (with i replaced by t) 

Y a{t) < a{to) + ho{t - to)'/'a'/'(t) + kna^^\t)b^/^{t). (133) 

(JiL 

Similarly, from ( |129|) , we derive 

^ b{t) < b{to) + h,{t - t,f%"\t) + h,a"\t)h^/\t). (134) 

We want to show a{t) and h{t) are bounded functions of t by applying a 
Gronwall type argument to the coupled inequalities ( p,33| ),( P^ ). It is useful 
first to divide by a^l'^{t) in (|3^) and by 6^/^(t) in (|134|) , yielding 

^ a}'\t) < a{t,)a-"\t) + ho{t - t,f'^ + h,h^'\t), (135) 

^ h''^{t) < h{t,)h-^'\t) + h,{t - to)'/' + h,a'/\t). (136) 

We estimate the term a{to)a~^/'^{t) by using the fact that a{t) is a monotonic 
increasing function of t, due to positivity of in ( [1311 ). Thus, a{tQ)a~^/'^{t) is 
bounded by a"^/^(to)- In addition, we note the term kiQ^t — toY^'^ is bounded 
since t G / is bounded. We thereby obtain 

^^a'/\t)<h, + h,b'/\t). (137) 

Similarly, we obtain 

j^b'/\t)<h, + hsa'/\t). (138) 

Adding (|137D and ([138|) , and defining c(t) := a^/^{t) + ^^/^(t), we derive 

^At) <ki8 + ki7cit). (139) 
(it 

Gronwall' s inequality immediately applies to ( |139D , and so we determine that 
c{t) is bounded for alH G /. Then a^/^(t) and 6^/^(t), which are positive, are 
bounded. 

Returning to the inequahties (|133|) -( p!3^ ), it follows that ^a(t) and ^b{t) 
are each bounded. Hence, from the definitions of a and b, we obtain that 
sups and sup^ are bounded for all t E I. Since = (5" + i?")^ and 
/32 = ^ coucludc that 5"(x,t) and E"(x,t) are bounded on 

Ex/. 
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Step 4: Bounded Derivatives 

Now that we have determined that -E", if", and i?" are bounded on E x /, we 
proceed to show that the first derivatives of these functions, and subsequently 
all higher order derivatives, are bounded on S x J. 

We start with if". From (|^) and (|9]), it follows that since i?", if", and 
i?" are bounded, then dxH"^ and dtH"' are bounded. Similarly, if the order n 
derivatives of -E", if", and B°' are bounded, then it follows from (derivatives 
of) (|87| ) and ( p9D that the order n + 1 derivatives of if" are bounded. Hence, 



(by induction on n) , the derivatives of to all orders are bounded. 

For E"" and -B", we use light cone arguments much like step 3, but involv- 
ing a "derivative stress-energy" tensor. Specifically, let 

T^m = -Ad.B + d^Ef + -ivt + Vn)dxH\dxB' + 9,^"^, (140) 



T(i)„„ = ^(-9,.5 + d^Ef - ^{-vt + t;„)4ii°(-5..5^ + dxE')pab (141) 



T(i)fe = -\{d.Hf + ^(-i;^ + Vn)dxH\dxB' + 9,^'')^,^ (142) 



T(i)„, = -]:{d.HY - ^(t;^ + v^)dxH\~dxB'' + 9,^;^)^,, (143) 



as defined analogously to the stress-energy components (|102|) to ( |105| ). Then, 



as a consequence of the field equations ( P7| ) to (ppj), we find 

duT^m + 9,T(i)„, = Fi(E, /i, 5; S^E, a,S) (144) 

and 

d.T^^Dnn + 5nT(i)M = Y^^E , H, B- d^E, d^B) (145) 

where Yi and Y2 are homogeneous quadratic in d^E and 9a;-B, with bounded 
coefficients. Although ( |144D and ( |145| ) are not strict conservation equations, 
we can nevertheless proceed similarly to step 3. 
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Through use of the field equations, we can express ( |144| ) and ( |145| ) as 

dnid^B + d^Ef = Yi{E, H, B; d^E, d^B) (146) 

and 

d,{-d,B + d^Ef = Y2{E, H, B; d^E, d^B) (147) 

with Yi and Y2 of the same nature as Yi and Y2. It then follows from standard 
algebraic inequalities that 

d^id^B + d^Ef < h,\d,B\^ + ho\d,E\\ (148) 

d,{-d^B + d^Ef < hi\d:,B\^ + h2\d,E\\ (149) 

We now apply the light cone arguments of step 3 to the differential in- 
equalities ( |148| ) and (|149|) : Starting at an arbitrary point in S x /, we inte- 
grate ( |148| ) and ( |149| ) back to the initial surface along light rays generated 
by dn and d(^. Taking suprema over S and adding the resulting inequalities, 
we obtain 

sM{dxB{xM + {d.E{xM] < 

^23 + ^24 f SUp[(a,S(x, S)f + {d^E{x, S)f]ds. (150) 

Applying the Gronwall inequality to ( 150 ) shows that \dxB\ and \dxE\ are 
bounded for all t G /. With E", H"", B^, d^E" and d^B" bounded, it follows 
from the evolution equations (|88|) and (|90|) that dtE"" and dtB'^ are bounded 
as well. 

The previous argument can be applied to all orders of derivatives of the 
fields. This establishes that if", 5°, and all of their derivatives are 
bounded on S x /. Global existence now follows from the usual "open-closed" 
arguments. I 



5 GLOBAL EXISTENCE FOR EQUIVARIANT 
FRAME FIELD EQUATIONS WITH TORSION 

As discussed in Section 3, while left-equivariant wave maps (|12D correspond to 
invariant frame fields (^l]), conjugate-equivariant wave maps (^4|) and right- 
equivariant wave maps ( [T^ ) correspond to equivariant frame fields (§2[). In 
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this section we show that global existence holds for smooth solutions to the 
Cauchy problem for translation equivariant frame fields. 

We first note that by definition of translation equivariance, K^{x,y,t) 
can be expressed as 

K^ix, y, t) = exp{~yR)E-{x, t) exp{yR) (151) 
K^{x, y, t) = exp{-yR)H^{x, t) exp{yR) (152) 
K^{x, y, t) = exp{-yR)B-{x, t) exp{yR) (153) 

in terms of some Lie-algebra valued fields {-E'"(x, t), iJ"(x, t), B°'{x, t)} which 
do not depend on y. Here i? is a fixed (constant) element in the Lie algebra; 
the left multiplication by exp{—yR) combined with right multiplication by 
exp{yR) denotes the adjoint action of a one-parameter Lie subgroup on the 
Lie algebra. 

Substituting expressions (|151|) to (|153|) into the frame field equations 



with torsion (|56|) and (|58|) on Minkowski space, we obtain the following 1-1-1 
reduced PDE system 

d^H" = -Cbc^'E^H' - R") (154) 

dtE'' = d^B" - Cbc^B^E^ (155) 

dtH" = -Cbc^B^H^ - R") (156) 
dtB"" = d^E"" - Cbc^'H^R^ - C\c{B^B^ - E^E^ - H^H^) 

-XQ^civyB^E' - v^B'H' + vtE'H') (157) 

provided that Cbc and Q'^tc are mfarmni under the adjoint action of exp{yR). 
We note that the only difference between these equations for translation 
equivariant frame fields and equations (^) to (pO|) for translation invariant 
frame fields is the presence of the commutator terms involving R. 

While the expressions for the field equations are changed somewhat in 
passing from invariant to equivariant frame fields, the expressions for the 
stress-energy components (^Sj) to (|100|) and (|102|) to ( |105|) do not change at 



all. (In particular, while K'^ is not independent of y, the quadratic expressions 
K^K^gab and K^K^Pab are invariant, and consequently so is T^,y. ) 

Initial data for the Cauchy problem for translation equivariant frame 
fields consists of Lie-algebra valued functions {i?'^(a;), if"(x), i?"(a;)} on S 
which satisfy the constraint 

d^H" = -Cbc''E\H^ - R'). (158) 
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A solution to the Cauchy problem is a set of fields {E°'{x, t), H"-{x, t), B"-{x, t)} 
satisfying equations (|154|) to (|157|) and the initial conditions (^). 



The global existence result, and its corollary, are stated as follows. Let S 
denote or S^, and introduce coordinates {x,t) for x R^. Fix constants 
Vt,Vx,Vy. Let G be a Lie group and let i?" be a fixed (constant) vector in 
the Lie algebra of G. Assume G admits on its Lie algebra a positive definite 
metric tensor gab and a skew tensor Pab which are each invariant under the 
adjoint action of the Lie subgroup generated by R"^: 

9aeCbc'R' = -9beCac'R' (159) 
PaeCbc'R''=PbeCac'R'' (160) 

where C^c" denotes the Lie-algebra commutator structure tensor. Let Q"'bc 
be the tensor defined by (Q). 

Theorem 4. Let X be a small constant.^ For any smooth compact support 
initial data ( [9^) satisfying ( \15di) , the Cauchy problem ( \154\ ) to dlSlj) has a 



unique smooth global solution {E^{x,t), H^{x,t), B^{x,t)} for allt G R^ . 



From Propositions 2 and 3 we obtain a corresponding result for wave 
maps. 

Theorem 5. The Cauchy problems for conjugate-translation equivariant 
wave maps and for right-translation equivariant wave maps (|7^, with or 
without torsion, have unique smooth global solutions for all smooth compact 
support initial data. 



Remark 2: Under the translation invariant form ( |6TD for frame fields, which 
corresponds to left-translation equivariant (0) or translation invariant (p!0|) 
wave maps, the reduction of the frame field equations and corresponding wave 
map equation is consistent for any Lie group target with {G,g,p) invariant 
under left multiplication. However, this is not the case under the transla- 
tion equivariant form (|62D for frame fields, which corresponds to conjugate- 
translation equivariant ([l^) or right-translation equivariant (|l^) wave maps. 
The translation equivariance ansatz gives a consistent reduction of the frame 
field equations and corresponding wave map equation only if the target geom- 
etry {G,g,p) is invariant under right multiplication by the translation group 
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generated by the Lie algebra element R appearing in (|I2]) to (|T4|) for wave 
maps and ( |62D for frame fields. We refer to this condition, given by ( |159| ) and 
( |160D , as translation invariance of the target. As shown in Proposition A in 
the appendix, every compact semi-simple Lie group G admits a translation 
invariant geometry {G,g,p), except that the dimension of G must be greater 
than three to support a non-zero torsion Q (see Remark 1). 



Proof of Theorem 4: 

The proof of Theorem 4 is very similar to that of Theorem 2. We summarize 
the differences (if any) in each step. 



Step 1: Conserved Energy 

Since the expression for the energy is unchanged and since it is conserved, 
there are no changes in obtaining bounds for E"'[x, t), if"(x, t), B°'{x, t). 



Step 2: Bounded H" 

Instead of ( |112| ), we have 



/ \d^H''\dx< I \Cbc''E^H^\dx+ I \Cb,''E^R^\dx. (161) 



The first of the two terms on the right hand side of ( |161| ) may be handled as 
in ( |113|) . As for the second term, we have 



/ \Cbc''E^R^\dx < I \E^\d. 

E^dx) 



< k26 



X 



(162) 



where the second inequality uses the compact support of E'^ together with 
the Holder inequality, and the last inequality follows from the bound on 
E"". Hence we obtain 



^ \d^H''\dx < k27 



(163) 



analogous to ( |114| ). 
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If S = R^, the argument leading to a pointwise bound on H"'{x,t) for 
t G / proceeds exactly as in the proof of Theorem 2. If E = S*^, then we need 
to modify the argument which begins with (|116|). We have 



+ 



/* / C^cB^x, s){H%x, s) + R'')dxds 

J to Js^ 

H''{x,to)dx. (164) 



The term /^i C\cB\x, s)R^dxds can be bounded from above using the 
same quadratic inequality that is used in (|162|) , and so we obtain 



/ H''(x,t)dx\ < k28 



(165) 



analogous to (|119|) . The argument for pointwise bounds on H"-{x,t) for 
S = S*^ can then be completed as in the proof of Theorem 2. 



Step 3: Bounded E"" and B" 

From inequalities (|126|) and ( |1271) onward, the light-cone arguments used to 
bound E"'[x,t) and B"-{x,t) in the proof of Theorem 2 work identically to 
bound E°-[x,t) and B'^{x,t) here. To arrive at ( |126| ) and (|127| ) we use the 
following equations, analogous to ( |122| ) and ( |123| ), 

dn{B + Ey = -2H\H' + R''){B'' + E'')Cabc 

-2\{vt + v^)H\-B' + E'){B'' + E^)Q,,a 

+2\{vt - v^)C,,''R\B' + E'){B' - E')pab, (166) 



drX-B + Ef = -2H\H' + R'^){-B- + E-)Ca,c 

-2\{-vt + v,)H%-B' + E'){B^ + E^)Q,,a 
+2\{vt + v^)C,,^R\-B' + E^B" + E%a,. (167) 

Adopting the notation a" := B"" + jS" := —5" + E", these equations 
become 

dno" = -2Ca,cH\H' + R'')a'' 

-2\{vt + v,)QbcaH''(3''a'' + 2X{vt + v.,)R'a^P'C,,''pah, (168) 
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-2\{-Vt + v,)QbcaH''(3''a'' + 2X{vt + v^)B' P'^a'C^yab- (169) 

Then, noting that Cabc^ Qabc, A, Vt, and R are constant, and recalhng that 
if" is bounded on S x /, we obtain 



(170) 



and 



(171) 



which are identical to ( |126|) and ( |127| ) 



Step 4: Bounded Derivatives 

One can see in Step 2 and Step 3 that the presence of the commutator 
terms involving R in the field equations ( |154| ) to ( |157| ) changes little in the 
arguments for boundedness, since these extra terms are easily controlled by 
the analogous quadratic terms appearing in the equations. The same holds 
true for Step 4. We can define the derivative stress-energy components just 
as in ( |140D to ( |143[ ) and then obtain conservation equations similar to ( |144| ) 
to ( p.45| ), with small modifications in the expressions Yi and Y2 which appear 
there. These modifications are readily handled in deriving the estimate 
and ( |149| ) . The rest of the argument proceeds unchanged. 
Hence we obtain global existence. I 



6 CONCLUDING REMARKS 

The wave map global existence results we have obtained here extend previ- 
ous work in two significant ways. First, our study of translation equivariant 
critical wave maps for Lie group targets (Theorems 3 and 5) provides a coun- 
terpart to work on rotationally equivariant critical wave maps for symmetric- 
space targets (see [@, H). Second, our inclusion of torsion gives an interesting 
generalization of critical wave maps for arbitrary targets, which ties into cur- 
rent work on integrable chiral models in 2+1 dimensions in the case of Lie 
group targets 0. 
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Furthermore, our results demonstrate the utihty of the frame formula- 
tion of wave maps for Lie group targets (Proposition 1). The translation- 
equivariant reduction of critical wave maps studied here is motivated by this 
formulation and the analysis is especially straightforward in terms of frames. 
An important question to investigate for future work is how the frame formu- 
lation might help in understanding the unreduced critical wave map equation 
for general Lie group targets and symmetric-space targets. 



APPENDIX 



Proposition A. Let G be a semi-simple Lie group with commutator structure 
tensor C^c"' . 



1. The Lie algebra of G admits a translation invariant ( \153i ) positive- 
definite metric gab if G is compact. 



2. The Lie algebra of G admits a translation invariant ( \16(\ ) skew-tensor 
Pab with non-zero torsion ^5^ ) if G is compact and has dimension 
greater than three. 

3. If G has dimension three then the torsion is zero for every skew- 
tensor pab on the Lie algebra ofG. 



Proof of 1: If G is compact then its Lie algebra admits an invariant positive- 
definite metric gab (see, e.g. fl^), which satisfies 

QaeCbc = —QbeGac- {^'^'^) 

(In particular, the Cartan-Killing metric given by gab '■= —Gae^Gbc'^ is both 
invariant and positive-definite.) Hence condition (|159|) holds. 
Proof of 2 and 3: Hereafter gab denotes the Cartan-Killing metric. We first 
remark that, for any G, the natural construction 

Pab := Cab'^gdeR" (173) 

is easily seen to yield a translation invariant skew-tensor. But the resulting 
torsion tensor (|5^ is always zero, since 

PelaCbcf = Cela'GbcfgdfR^ = (174) 
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by the Jacobi identity. 

In three dimensions it is easy to show that Cab^Qec must be proportional 
to the totally-skew Levi-Civita tensor eabo while any skew-tensor pah can be 
expressed in the form 

Pah = f^abcP" (175) 

for some vector p'^ in the Lie algebra of G. Thus, it follows that Pab must 
have the form (|173|) where is proportional to p^, and hence from ( |173| ) 
and ( 174 ) we have that the torsion tensor (|^) is zero. This shows that there 



is no torsion for any three-dimensional G (and hence none in particular with 
Pab being translation invariant). 

Now suppose G has dimension greater than three. In this case, G must 
have rank greater than one and hence the Lie algebra of G possesses an 
abelian subalgebra of dimension at least two (see, e.g. [T^). This allows the 
explicit construction of a translation invariant skew-tensor pab as follows. Let 
p", be any two (linearly independent) commuting vectors in the Lie algebra 
of G, so p"'q^Cab^ = 0, and let Pe := QeaP"", Qe '■= gea(t- Set i?" := ap°-+l3q°' ^ 
with constants a, (3. Then it is straightforward to show that the skew-tensor 
defined by 

Pab ■= 2p[agfe] (176) 
is translation invariant as a consequence of p and q commuting with R. Now 



it remains to show that the torsion tensor given by (0) and ( 176 ) is non-zero. 
We have 

9adQ\c = 3/2{peqiaCbcf - qePiaCbcf). (177) 

To show that the tensor ( p.77|) is non-zero when G is compact, we contract 
( |177|) with the vector = p"'q'^qe — q°'p'^qe satisfying s^g^ = 0. This yields 



S^gadQbc = -l/2s''PaCbc'qe. (178) 

with s'^pa = p'^Paq'^qd — {p'^qaY 7^ due to positive-definiteness of gab- 
Moreover, since G is semi-simple, its Lie algebra has empty center and so 
Cbc^qe = Ceb°'q^gca IS uou-zero (that is, there exists a vector v'^ so that 
Ceb^'q^v^ ^ 0). Therefore, s^'gadQ'^ fee is non-zero and thus so is the torsion 
tensor ( [T77|) . I 
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